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MockoBCcKkui aBUAITMOHHBIN HHCTUTYT, MockBa, 125993, Poccust

Paccmampusaemces nenumetinas konebamenvhas cucmemd, ONucvleaemas 0ObIKHOGEH-
HoIMU  OuhepeHyuanvHbiMU  YPABHEHUAMU C  NepPeMeHHbIMU Ko duyuenmamu.
IIpeononazaemcs, ymo Ha paccmampusaemom UHMepeale 8pemMenu peuleHie CUCmembl
sa615emesi 00CMAMOYHO 21aA0KUMU — Oe3 paspbléos, CMOIKHO8eHuli u obugyprkayuu. M3
HeOOHOPOOHOU CUCmeMbl YPAGHEHUL GblOENAIOMCA 6 SA6HOM GUOe HAEeHbl, JUHEUHO
3asucsawue om Koopouram, CKOpocmiell U YCKOPeHUU U YieHbvl, 3aUcAujue Om dMmux
nepemenHuvix nenunelino. Ipeonacaemcs 106l NOOX00 OISl YUCTEHHO20 PEUeHUsl UA20-
8bIM MEMOOOM HAYANbLHOU 3aA0ayu, ONUCHLIBAEMOU MAKOU CUCmemol 00bIKHOBEHHbIX
ouggepenyuanvnvix ypasuenuii 6mopozo nopaoka. Ha wace unmezpuposanua
Heuszgecmmbvle QYHKYuu npeocmasiaiomcs 6 guoe cymmuvl QyHKYull, yYO0061emeopaoujux
HAYATbHBIM YCIOBUAM: TUHEUH020 pewenus Jiaepa u HeCKOIbKUX 3a0AHHbIX KOPPeKmu-
pyiowux @QyHkyuil 8 6ude NOAUHOMO8 6MOPOU U 6blule cmenenell ¢ Heu3BeCmHbIMU
Koappuyuenmamu. JJuipgepenyuanvhvie ypasHenus Ha wace YOOB8IEMBOPAIOMCS
nNPUGTUNCERHO 6 CMbIcae cab020 peuwienus no memody I anepkuna na cucmeme Koppex-
mupyiowux @yuxyuii. Ionyuaiomea aneebpauueckue ypagHeHusi ¢ HeEIUHEUHbIMU
ueHamu, KOmopbule peuaiomcs Memooom umepayuil, Ha4uuHaa 8 NepeoM NPUOTIUNCEHUU C
JauHelnozo pewenus. Ilonyuennoe pewienue 6 KoHye OAHHO20 Wia2d UCHONbL3VEMCs 8
Kauecmee HaA4anbHbIX YCI08Ull Ha nocredyrouem waze. B kawecmee npumepa paccmom-
PEHO 00HO 00HOPOOHOE OughhepeHyuaivbHoe ypasHenue mopo2o nopsaoka 6e3 nepeoti
NPoOU3BOOHOU C CUTBHOU KYOUUECKOU HeUHEUHOCTNbIO NO KOoOpouHame (npu Makcumaib-
HOU amnaumyde HeluHeuHas cuia 6 08a pasa npegvluiaem JIUHEUHYIO cury). Imo
YypaeHeHue umeem MOYHOE NEPUOOUYECKoe peuleHue 6 Guoe UHmMezpala dHepeuu
KOHCEPBAMUGHOU CUCTEMbl, KOMOPOe UCNONb3YemCs OliA OYeHKU MOYHOCIU YUCTEHHBIX
peutenuti, noayuenuvix memoodamu Ianepxuna, Pynee-Kymma u Aoamca emopozo
nopsioka, a makxce memooamu Radau5 u BDF na pasnuunvix unmepeganax epemenu (00
8000 nepuodos c60600HbIX KoONEOAHUU CUCMEMbL) NPU UCNOTL30BAHUU DPA3TUUHBIX
nocmoaxHbIX wazoe unmezpuposarus (om 0,0025 ooneii nepuoda). Ilpu s3mom 6 memooe
Tanepxuna na xasx)coom wiaze UCNOIb30BANOCH Yemblpe 0OUHAKOGHIX KOPPEKMUPYIOUUX
@yHkyull 8 6ude NoaAUHOMO8 om 8mopoiu 0o namou cmenenel. Ilokasawo, umo Ha
OOMLUWUX UHMEPBANAX 8peMeHU GbluucieHull Memoo I arepkuna obnadaem 6o.ee vlco-
KOU MOYHOCMbIO NO CPAGHEHUIO C OPYSUMU PACCMOMPEHHBIMU YUCIEHHBIMU MEMOOaMU.
Toamomy on modicem 6bIMb UCNONIL306AH OJIAL HUCIEHHO20 PeuleHUs HeIUHEUHbIX 3a0aY, 6
KOmMOopblx mpebyemcs pewams ux Ha OONbUIUX UHMEPEANAX 6peMeHU, Hanpumep npu
pacueme yCMAaHOBUGUIUXCS NPEOETbHBIX YUKILO8 HENUHENHbIX KONeOaHUull U Xaomuieckux
HeIUHEHbIX KOAeOaHULl CO CIMPAHHBIMU AMMPAKIMOPAMU.

Knrwouesvie cnosa: obviknosennvle ouggepenyuanvrvle ypasHeHus, HeluHelinvle cucme-
Mbl, HAYAIbHAS 340a4d, YUCTeHHble PeleHUsl, 0OHOWA2os8bilti Memoo I arepkuna

BBenenne. JlanHas UMCICHHBIM METO/AaM peEIICHUS OOBIKHOBEHHBIX
muddepennmnanbHeix ypaBHeHuit (OJlY) mocssiena oOmmupHas iautepa-
Typa: ydeOHble mocobusi [1], [2] u ap.; MoHorpadum [3-5] u np.;
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MHOTOYHCJICHHBIC Hay4HbIE cTaThu. B GyHmameHTanpHbIX Tpynax [4], [5]
Ha OCHOBE UCCIICJIOBAaHUI aBTOPOB U APYTUX HccienoBaTenel (IpruBeIeHbI
CCBUIKM Ha COTHM IyOJIMKAIIHil) pecTaBIeHbl TeOpeTHYeckiue 000CHOBA-
HUSl BBIYMCIIUTENBHBIX CXEM Pa3IMYHBIX MOTU(HUKAIMKA ¥ KOMOWHAIMN
SBHBIX M HESABHBIX OJIHOIIArOBBIX MeTOA0B Tuna Pynre-Kyrra u
MHOTOIIIarOBBIX METOJIOB THIA AJlaMca M HEKOTOPBIX JIPYIMX METOJOB
JUIE  HEXECTKMX W IKeCTKMX 3ajad, BKIo4as auddepeHunansHo-
anreOpanyeckne 3a7a4yd. bosblioe BHUMaHUE yIENEHO BBIOOPY Iara,
OLICHKaM JIOKAJbHBIX U TJIOOATBHBIX (HAKOIJICHHBIX) MOTPEIIHOCTEH, a
TaK)X€ OIICHKAaM YCTOMYMBOCTH U CXOIAMMOCTH YHMCIEHHBIX PEIICHUH.
[IpuBeeHO MHOTO MIPUMEPOB PEILIEHUS TECTOBBIX 3a/1a4 C UCII0JIb30BAHU-
€M Pa3IMYHBIX KOMIIBIOTEPHBIX MPOTPAMM CO CPABHEHUSMU M aHAIU30M
pe3ynbraTtoB. B 3THX paboTax B OCHOBHOM paccMaTpUBAIOTCA CHUCTEMBI
IIEPBOr0 M BTOPOI'O MOPSJIKOB, pPa3pEIICHHbIE OTHOCUTENIBHO CTapLINX
MIPOU3BOJHBIX. B onHOM mpumepe [5] 11 MHOTO3BEHHOM MeXaHM4ECKOU
CUCTEMBI C MaTpHIIEH WHEPLIUU, 3aBUCAIICH OT BPEMEHHU U MepeMelleHnui
CUCTEMBbI, YCKOPEHHUSI PAaCCMaTpPUBAIOTCS KaK HE3aBUCHMbIE MapaMeTphbl U
YpaBHEHUs IBM)KEHMSI CHUCTEMbl 3alMCBIBAIOTCS B BUJE HEIMHEHHBIX
anredpanveckux ypaBHEHUH, K KOTOpOi noOaBistoTcs nuddepeHmann-
HbIE COOTHOIICHHUSI JJIsi CKOopocTel U nepemenienuii. Hapsay ¢ mHoroumc-
JICHHBIMH paboTaMu, OTMEYEHHBIMH B [5], )kecTkuM u auddepeHnnansHo-
anreOpanvecKuM 3aj1adyaM TakKe MOCBAIIECHBI paboThl [6—10] u mp.

OTMeTUM HEKOTOpbIE OpPUTMHAJIbHbBIE MOJIXO/AbI K YMCICHHOMY pellie-
HUO HavanbHOU 3amaun aisa OlY. B pabore [11] npennaraercst mapamer-
pU3MPOBaTh YPaBHEHUS U 3aT€M MHTETPUPOBATh UX IO mapameTpy. Meron
HAaMMEHBIINX KBAaAPATOB JJI1 MUHUMHU3ALlMU HEBSA3KHM HA 11are NpUMEHEH K
pemieHu0 JHMHEWHBIX 3amad s OHAY wu jmnsa  nuddepeHmuanbHO-
anredpanvecKkux 3a1ay ¢ MCIOJb30BAHUEM Pa3JIOkKEeHUs B psj MO 3a/aH-
HBIM (DYHKIMSIM C HEU3BECTHBIMU Kod(duumentamu B padbotax [12], [13].
B pa6orax [14], [15] u pane apyrux paboT 3THX aBTOPOB Ui MPHUOIH-
YKEHHOTO pEIIeHs] HavadbHOM 3a1a4uu, onuckiBaemoit O, ucnonb3yroT-
csl pasnokeHus mo nonuHomam YeOswimeBa, a B padorax [16], [17] — mo
MIOJINHOMaM DPMUTA.

Meton T'anepkuHa OOBIYHO MCIIONB3YETCS IMPH PELICHUH KPaeBbIX
3amady B ciaboit (GopMynHpoBKe ISl CBEIAEHUS HMX K anreOpandecKum
ypaBHeHUsM uian kK OZlY Ha cucteMe rio0allbHBIX WK JIOKAJIbHBIX 0a3uc-
HbIX QyHKuMi [1-3]; B mocnenHeM ciydae 3TOT METOJI TaKKe Kak B BapH-
alMOHHON (opMyNnHpOBKE 3aJaud HAa3bIBAETCS METOAOM KOHEUHBIX
AJIEMEHTOB WJIM METOJIOM KOHEYHBIX 00BbeMoB [18], [19].

Bonpimne HecTanMoOHapHbBIE CUCTEMBI, B KOTOPBIX OJHOBPEMEHHO
IIPOUCXOJAT MEJUICHHbIE U OBbICTpBIE JABMXKEHHs, C OJHOW CTOPOHBI
TpeOyIOT BBIIOJHEHUS PacueToB Ha OOJIBLIMX MHTEpBalax BPEMEHH, a C
JPYroil CTOpOHBI — MCIIOJIb30BAaHUS BECbMA MaJIbIX LIaroB MHTErPUpOBa-
HUS 10 BpeMeHH (MeHbIlIe Teprojia KojaeOaHHi CUCTEMbI C MAaKCHMAJIbHOM
coOcTBeHHOW dYactoToif). Hampumep, B ciydae AMCKPETHBIX MoJjieneit
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HEOJAHOPOJHBIX CIUIOIIHBIX CPel C OTPAKEHHBIMU YIAapHBIMHU BOJIHAMH,
JIOKAJbHBIMU Pa3pyLUICHUSIMUA U TIP. VIS MOJTYyYEHHUS JIOCTOBEPHOIO pelie-
HUS HEOOXOAMMO BBIMOJIHUTh YHCICHHBIE SKCIICPUMEHTBI, HCIONb3YS
pa3iuyHble METO/bI (IIPOrpaMMbl) U BBIYUCIICHUS HA Pa3HBIX HIarax. JTo
TaK)K€ OTHOCHUTCSI K HEJIMHEWHBIM CHCTEMaM IpU pacueTe MpelebHbIX
IUKIIOB KOJICOAHWH, a TakKe XaOTHYECKUX KoJeOaHWW CO CTpaHHBIMU
aTTpaKTOpaMu

Bomnpocsl cxogumocTu unciienHbix pemennit OAY u ux JokanbHOU U
rJI00amTBbHOW TIOTPENTHOCTEH, a Takke BBIOOpa JUIMHBI IIara WCCIeI0Ba-
TUCh B pabortax [4], [5], OTMEUEHHBIX TaM B COOTBETCTBYIOIIHUX CCHLIKAX
paborax u B [10], [20], [21]. IIpu pemrernn OJ[Y GonbIIONH pa3MepHOCTH,
3allMCaHHbBIX B 00MmIeH MaTpuyHOW (hopme, KOTOpbIe, HapuUMep, Moryda-
IOTCSl TIOCJE€ JUCKPETHU3allMU 10 KOOpJAWHATaM B 3ajavyax JUHAMHUKH
CIUIONIHBIX JeOPMUPYEMBIX Cpeil U TeN (KOHCTPYKIUI) U HeCTallMOHAp-
HOU asporuapoarHamMuku [18], [22], mias JUCKpeTH3aluu M0 BPEMEHU
OOBIYHO MCHOJB3YIOTCSI CPAaBHUTEIBHO MPOCTHIE CXEMBI: 1) IEeHTpaJbHbIC
Pa3HOCTH BTOPOTO MOPSAIKA C KBAaApaTUYHOW ammpoKcUMalued Ha JIBYX
marax [23]; 2) HeueHTpaJbHbIC Pa3HOCTH Ha3aJ TPEThEro TMOpsIKa
¢ KyOMUYecKol amnmpokcuManuen Ha Tpex marax [24]; 3) meron 06001IeH-
HOTO YCKOpPEHHS C KBaJpaTUYHOW amMpoKCHMAaIlMed Ha OJIHOM Iare u C
JIBYMsI BHIOMpAEMBbIMU U3 YCJIOBHSI YCTOMYMBOCTH MapameTpamu [25]; 4)
MOTUGUIIMPOBAHHBIA METOJA JHUHEWHOro yckopenus  (6-meron), B
KOTOPOM CUHUTAETCs, YTO YCKOPEHHE M3MEHSETCs JIMHEHHO Ha paclIupeH-
HoM miare 6h, rue 6 >1,37 nis Ge3ycioBHOM ycTOMUMBOCTH MeToIa [26].
OTH YeThIpe METO/1a MPUBOAST 337a4y K PEKYPPEHTHBIM anreOpanyecKum
COOTHOIIEHUSIM B MAaTPUYHOM BHJE, KOTOPBIE PEIIAIOTCI C YYETOM
HaYalbHBIX YCJIOBHM IO IIaram; OHU SIBIISIFOTCS YACTHBIMHU CIIy4asMH 00-
el pa3HOCTHOU cXeMbl [27].

ITocTanoBka 3aga4m U MeTox € pemeHusi. PaccMoTpuM HelMHEH-
HYIO CHUCTeMY OOBIKHOBEHHBIX Mu((epeHIIMaTbHbIX YpaBHEHUH C mepe-
MEHHBIMH KO3 (pUllMeHTaMH, IPUBEACHHYIO K BUTY

L(x,% % t)=mx+dx+cx+N-X=0, (1)

rae X(t) ={x.} — Bexrop HemsBecTHbIX; X(t) ={X,} — BekTOp MpaBbIX
yacTeld HEOJHOPOMHOW cUCTeMbl TU(QQEepEeHINATbHBIX ypaBHEHHIA;
N(X, X, %X, t) ={N,} — BexTOp HENMHEIHBIX WIEHOB MPONU3BOJIHHOIO BUJIA,
KOTOPBIA  OINpENENsIeTCs KOHKPETHOM paccMaTpUBacMOM  3aJadei;
m=[m; ()], d=[d; ()], c=[c;(t)] — xBampaTHBIC MaTpuLbI MHEPLIHH,
AeMI(pHUPOBAaHHUST U KECTKOCTH COOTBETCTBEHHO. 37€Ch W Jlajlee TOYKOM
0003HaYaeTcs MPOU3BOIHAS IO BPEMEHH t.

HauanbHble yClnOBHS ISl BEKTOpa HEU3BECTHBIX KOOPIHMHAT U HX
CKOpocTell B MOMEHT BpeMeHH t =1, 3amatoTcs B Buje:
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X(t) =%y, V(ty)=X(ty) =X, . 2)

Bpewmst t paccmatpuBaeTcs B BUJIE BO3PACTAIOIIEH MTOCIIEI0BATEIBHO-
cru auckperHbix MomentoB t,, K=012,...,n B obuiem ciyuae ¢ nepe-
MeHHBIM miarom h=t, —t, . Jlns ynoGcTBa BEIMUCICHUH HA KQXKIOM IIare

BBOJMM Oe3pazmepHoe Bpems &

fz%(t—tkl), 0<&<1,

Janee mTpuxoM 0003HAYaeTCsi MPOU3BOJHAS IO Oe3pa3MepHOMY

d 1d
BpeMeHH & . MIMeeT MeCTO COOTHOIIEHUE: — = —— .
dt hdé
BekTopsl mepemenieHnii X M CKopocTeidl V =X Ha K-om mare am-
IIPOKCUMUPYIOTCS KaK

X=X, 1 +V, hE+ Y209 (&);
s T @3)
VRS RS ACEES ST}

TJIe TIePBbIC J[BA CIIaraeMbIX B BBIPAXCHHUHU JUIA BEKTOpa X (COOTBETCTBEH-
HO, TIEPBOE cllaraeMoe Jisi V) TPENCTaBIAIOT SBHOE pelieHue Ditepa,
YIOBJIETBOPSIOLIEE HAYaJIbHBIM YCIOBUSAM (2), a 3a7aHHbIE KOPPEKTHUPY-
fomue ¢yuakmuun @, (), r=12,...,S, yIOBIETBOPSIOIINEC HAYATHHBIM
yenosusim @, (0) =0, ¢;(0) =0, Gepyrcst OMMHAKOBBIMH Ha BCEX IIarax
k=12,...,n u 11 Bcex mepeMeHHBIX X Z\) — Hem3BecTHBIE BEKTOPHI
K03 (HULIIEHTOB.

VpaBuenus (1) va K-om miare (t,_, <t <t ) Oyaem yaoBIeTBOPATH

MPUOIM>KEHHO B CMBICIIE CITA00T0 pelieHus 1Mo MeToay [ 'anepkuHa:

L(x,%%t)g,(£)dé=0, k=12,...,n, p=12,...,5. (4)

O ey

B pesynbrare moiydaeM cucreMy anre0panuecKux ypaBHeHHi Ha K -
OM IIIare JyIsi BEKTOPOB HEM3BeCTHBIX kodddumuentos 2, k=12,...,n,
r=12,...,s.

B cnydae HenuHelHbIX ypaBHeHHH cuctema (1) B Buae (4) pemaercs
10 METO/1Y MOCJeI0BATENbHBIX MPUOIMKEHUI Ha KaXI0M Ilare:

x> X" NN n=12..;
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B KauyeCTBE IEPBOIO HpI/I6HI/I)KeHI/I$I UCIIOJIB3YETCSl PEIICHUE JIHHCHHOM
3amaun (N=1, X—)X(l), N — N© =0) wimm nuHeapu3oBaHHBIE TO &
3HAYCHUsT BEKTOpa HEIMHEHHBIX YacTeii. Bo BTOpOM MPHOIMKEHUM
(n=2, x—>x?) HenuHeiiHBIE WICHB ONPECISIOTCA IO PE3YIbTaTaM

MEPBOTO MPUOIMKECHUS N® N(X(l),)'((l),ii(l),t). [Iponecc moBTOpsieTcs

JI0 TeX TOop, MOKa He OyJIeT JOCTUTHYTa CXOJAMMOCTh C 3aJaHHOW TOYHO-
cThto. Takol moaxoa ocoOeHHO yaoOeH sl (GU3HYECKH (HE YHCICHHO)
YCTOMYMBBIX CIIA0OHETUHEHHBIX CHCTEM C IIAJKHUMH PEIICHUSIMH, JUIS
KOTOPBIX IPOIECC UTEPALIMIH CXOUTCS IOCTATOYHO OBICTPO.

VYpasuenus (4) ¢ yuetom (1) u (3) Ha kaxnom mare Kk =212,...,n
MOJKHO 3aITUCaTh B Pa3BEPHYTOM BHUJIC:

1
a2 1 oWx, , 41y, , =
r=1

XN¢d§ r,p=12,. (5)

o'—.

rie a(k) = [a,ﬁkr) ol G(k) —[0'(k)] T —[r,ﬁk;] — ompe/eisieMble Ha Kax-

JIOM 11are MHTerpUpOBaHUS MATPUILIBI KO (PUIIHEHTOB:

k
) -

(mg, +dg, +c4)g,d¢ = | (h—lzm¢;'+%d¢; +c¢rj¢pd§;

O ey

. ) (6)
:Ic¢pd§, ‘r I d+ch¢) $,d<.

Ecin  pynkuun  m (&), d; (&), Cy () sBmsOTCS KOCTATOMHO

TITaAJKUMHU 1 cj1ab0 U3MEHSIOTCSA B npeaciax mara h , TO UX Ha KaXXJI0M
mare MOXXHO CUUTaTh MOCTOSSHHBIMUA.
[Tocne pemenust ypaBHeHuit (5) ¢ 3aJaHHON TOYHOCTHIO BHIYHCIICHUS

k o
K03 HUIIIEHTOB Z(r) 3aTeM C HCIIOJIb30BaHHEM BbIpakeHUd (3)

oTpeieNIAoTCs BeKTopa X U V npu & =1 11 MOMeHTa BpeMeHH t =t :

X, =X, +V, h+ ES zWg (1);
T )
Ve =Vt 2200 = v+ > 204 (1)
= r=1

Jlaee mory4eHHbIE 3HAYCHUS] BEKTOPOB X, M V, HCIOJIB3YIOTCS B Kade-
CTBE HAuYaJbHBIX YCIOBWH i pemieHus ypaBHeHu# (5) Ha (K +1)-om

mare.
Bei0op koppexkTupyrommx (QyHKouid. B kauecTtBe KoppekTupyro-
mux  GyHKIUR ¢r(§), YTOYHSIOIIMX JIMHEWHBIA 3aKOH WM3MEHEHUs
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IIEPEMEHHBIX HAa MaJIOM BPEMEHHOM Il1are, B psiax (3) MOKHO MCIIOJb30-
BaTh cieaytome Habopel math  (r,p=1L12,...s=5) nwuHeliHO-
HE3aBUCHMBIX CTENEHHBIX (DYHKIUH, yIOBIETBOPSIOMIMUX YCIOBHIM
’
#,(0)=0, ¢/(0)=0.
1) Ba3oBbie cTeneHHbIC PYHKIHUH:

$h=8" 4= 4=¢" 4,=8 =5 (8)
2) OpToroHajibHbIC MOJMHOMbBI, 0Opa30BaHHbIC W3 0Aa30BBIX CTEICH-
HbIX QyHKIHH (8):
4 =¢"
¢, =65 -5¢%;
¢, =28E* —42£° +15&7; 9)
¢, =120&E° — 25254 +168&° — 3587,
¢, =495£° —1320£° +1260&* —504&° +70&2.

OHHM yJIOBIIETBOPSIOT YCIOBUAM ¢, (1) =1, a TakKe yCcIOBUAM

1
[#.4d=0 npu p=r,
0

3) CreneHHble  MOJUHOMBI,  YIOBJIETBOPSIOIINE  OMPEACICHHBIM
yenousiM tipu & =1, ynpormaroniye CnpsKeHHs pelIeHHH Ha COCeIHUX

marax (7):

$=3"-28° 4(M=1 #1)=0;

$,=-8 4,0=0 #O=1
¢=8-28+¢8" 4,0 =40=0, (10)

¢ =E" -4 +58° =28, 4,()=¢,(1)=0;
¢ =&" —857 +195° ~188° +6S°, 4(1) =¢5(1) =0.

Oynkiun (9) u (10) nuHeHO BBIpaXkaroTcs yepe3 6a30Bble (HYHKIMH
(8) ¢ cooTBeTCTBYIOIIMMHU MaTpHUllaMu TpeoOpa3zoBanus. [loaTomy npu
ucnonb3oBaHuu QyHkuuid (9) u (10) mHTerpansl (6) i ynpoueHus

clielyeT BBIYMCIUTH CHauvana Juisl GyHKIuil (8) u 3aTeM npeoOpa3oBaTh UX
C COOTBETCTBYIOLIUMH MaTpULIAMHU:

0) =T, ¢"=[E2E& & £, " =[4 &) &) ¢ #],
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T, mpu i=2,3:
1 0 0 0 0 | '3 -2 0 0 O]
5 6 0 0 0 -1 1 0 0 0
T,={15 -42 28 0 0|, ,=[{1 -2 1 0 O0f
-35 168 -252 120 0 1 45 -2 0
| 70 504 1260 -1320 495 1 -8 19 -18 6]

bazoBeie pynkmuu (8) npu OonbmoM ux vmcie (S = 8) nmpuBOIAT K

(k)

IJIOXOOYCIIOBJIEHHBIM MaTpuIaM Ko3()QuIuenTos @, ,

M03TOMY 3TH

(GYHKLIMH MOXXKHO HCHOJB30BaTh TOJBKO MpH Maiblx S. OpTOroHasbHbIE
noMHOMBI (9) umeroT Oosbire KOd((GUIMEHTH U SBISIOTCS «Koyeba-
TeNbHBIMI» QyHKIUsAMU Ha uHTepBasie 0< & <1. [losTomy npu BeIUHKCIIE-

HUSIX UHTErpajoB (6) ¢ mepeMeHHbIMU KOd(pduumeHTaMu mpu OOIBIIOM
qucae S OHM MOTYT IPUBECTH K YUCICHHBIM IOTPEITHOCTSIM, HAIpUMeEp,
3a CUET MaJIbIX Pa3HOCTEH OOJIBIINX YHCEIL.

BorauciuTenbHbple SKCIEPUMEHTHI MTOKA3bIBAIOT, YTO MPH YUCICHHOM
UHTETPUPOBAHUU HA MAJBIX marax N CXOIMMOCTb C JOCTATOYHO BBICOKON
TOYHOCTBIO M C BeChMa OJIM3KMMH pe3yJIbTaTaMH O0ECIeYMBACTCS MPH
HCIIOJIb30BaHUH YeThIpex (S =4 ) koppekrupyromux ¢yukiwii (9)—(10).

I[Ipumepbl pacyera co cpaBHeHMsIMH. B kauecTBe mpumepa
paccMOTPUM HEJNWHEHHYI0 KOHCEPBATUBHYIO CHCTEMY C OJHOH CTENICHBIO
cBoOOBI (N =1), cBOOOAHBIC KOJIeOaHUsT KOTOPOil onuchiBatroTCs audde-
PCHIIMATBHBIM YPAaBHCHHEM C HAYaIbHBIMH YCIOBHSIMU

%+100x +200x° = 0, x(0) =1, X(0)=0.

[onnas oHeprust osToit cuctembl: E =1/2%° +50(x* +x*)=100.
Orcrona moyvaetcst ha3oBasi XapaKTEPUCTUKA U TIEPUO] KOTeOaHMiA:

>'<=i10\/2—x2—x4'

4 "
1011/2 X2 —x* 10 '[ 1/2+sm W

BeimonHsercs  ycinoBue NEepUOAMYHOCTH X(t + mT) = X(t) pu
m=123,....

JInst cpaBHEHUsI IPUBEIEM PE3YJIbTAThl YHCICHHOTO PEIICHUS TaHHOM
3a/1a4d C MOCTOSIHHBIM mraroM N Ha GONBIIMX WHTEpBATIaX BPEMEHH IS
momenTtoB t=100 m t=1000 mno crammaptHeiM mporpammam B PTC
MathCad, peanusyromum meton Amamca (A) 4eTBEpTOro MOpsAKa U
meron Pynre-Kyrra (P.-K.) geTBeproro mopsjika, a Takxke — 1o mpejia-

=0,40043095....
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raeMoOMy B JIaHHOW CTaThe METOXly [ aJiepKkuHa C UCIOJb30BaHUueM S =4
KOPPEKTHPYOMUX (GYHKIUN B BUAE TPEX pasIu4HbIX Habopos: 1) — (8),
I'1;2)—(9), I'z; 3) —(10), I's.

B Ttabnune 1 mpuBeneHsl pe3ynbTaThl BBIUMCIHCHHS E, X m X ¢
marom h=0,005, a B Tabn. 2 — ¢ marom h=0,001. ITpu sToM BO Bcex
CIydasix ISl pelieHus HEIMHEHHBIX ypaBHEeHHH (5) ¢ koddduimentamu
(6) ¢ TounocTsi0 710 10 TpeGoBanock He Gonee yerspex ureparmmii. Kak
BHJTHO, PE3YJIbTAThI BBIYUCICHUH X W X 1Mo MeTony Anmamca mpu t =1000
CUJIBHO PACXOHSTCA C PE3yJbTaTaMH BBIYMCIECHHU MO MeTtony PyHre-
Kyrra u mo merony I'anepkuna; mocneqnue nsa merona npu h=0,001,
t <8000 pmaror Onm3kue pe3yabTaThl. llpuW yBenWuYeHWH WHTEpBaa
Beruncienuit 1o t>8000 wmeron Pynre-Kyrra nmpu h=0,001 Ttakke

Ha4YWHACT JaBaTb OomnOOYHEIE PE3YIbTATHI.

Tabruya 1
Pe3yabTaThbl Berunciaennii npu mare h = 0,005
t =100 t =1000
Meron ™ X X E X X
A 100,0285 | -0,0686 14,1274 100,2706 0,9819 3,3402
P.-K. 99,9746 | -0,1441 14,0652 99,7474 -0,3454 13,6435
I 100,0016 | -0,1057 14,1023 100,0158 -0,5387 -12,7509
I 100,0004 | -0,1073 14,1010 100,0042 -0,3889 -13,56128
I3 100,0003 | -0,1074 14,1009 100,0030 -0,3735 -13,5687
Radau5 - - - - - -
BDF 100,0575 | -0,0278 14,1435 100,4619 -0,7599 10,4807
Tabauya 2
Pe3yabrarsl Bbruncienuii npu mare h = 0,001
Y t =100 t =1000 t =8000
eTox E X E X E X
A 100,0278 -0,0699 100,2747 0,9839 101,1724 -0,1051
P.-K. 100,0000 -0,1078 99,9999 -0,3322 99,9993 -0,9672
I 99,9999 -0,1079 99,9994 -0,3252 — —
P 100,0000 -0,1078 99,9998 -0,3301 — —
I3 100,0000 -0,1078 100,0000 -0,3333 100,0000 -0,9859
Radau5 | 99,7810 -0,4164 98,2622 0,7068 — —
BDF 100,0572 -0,0286 100,4680 -0,6917 - -

Ha puc. 1 u puc. 2 npuBeneHsl pe3yibTaTbl BeluMciaeHuid X(t) c

maroM h=0,001 B mpenenax mpUMEpPHO OIHOTO IMepHOAa KojeOaHW

BOJm3u MomeHnToB Bpemenn t=16000 u t=32000 no meTogam Anamca
(xpuBsle 1), Pynre-Kyrra (kpusbie 2) u ['anepkuna (kpusbie 3). Pe3ynb-
TaThl MeToja [amepkuHa B mpeaenax macimrada rpagMKoB COBMAIAIOT C
YHUCJICHHBIM PEIICHUEM 3aJ1a4yd, MOJYYCHHBIM Ha MEPBOM IEPUOJE TMPH
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ouenb MenkoMm (h=107") mare, KOTOpoe MOKHO CUUTATh MPAKTHYECKH
TOYHBIM.

x(t) 1,2
y /Y

\: / /)"
MANAVAY/
N\

-1,2
16000,0 16000,1 16000,2 16000,3 t

Puc. 1. Pesynbratsl Beraucienuii ¢ marom h =0,001 B6ausu Bpemenu t =16000

x(t) 1,2

9

N\ |/
\
AV
N

32000,0 32000,1 32000,2 32000,3 t

0,6

P

0,6

P

N T

Puc. 2. Pe3ynbrarsl Beramciaenuii ¢ marom h = 0,001 B6ausu Bpemenu t = 32000

Haxkormienne riro0aapHON OIMMOKKA BBYUCIEHHHA IO METOAaM AmgaMmca
u Pynre-KyTTa mpoucxonuT B OCHOBHOM 3a CUET C/IBUTaA 1O (a3e KPHUBbIX,
MPEICTaBISIONINX KOoJeOaHusi ¢ MeNJCHHbIM H3MEHEHHeM nepuoaa T .
[Tpu »ToM monHas sHeprust E w aMrumaTynsl X M X M3MEHSIOTCS HE3Ha-
YUTENBHO.

YucrneHHble peleHusl pacCMOTPEHHOIO BbIIE JU(HepeHIINaTbLHOIO
ypaBHEHUSI € KyOMYEeCKOM HEIMHEWHOCTHbIO TaKKe ObUIM IOJIyYEHBI C
noMoIIpI0 cTanaapTHbix nporpamm B PTC MathCad mo meromam Radau5
(MomudunupoBannbiii meron Pynre-Kyrra) u BDF (meron oGpatHoro
muddepeHIMpoBaHys), PEAHA3HAUEHHBIX JUISl )KECTKUX U TuddepeHIu-
albHO-aNTeOpanyecKnX ypaBHEHUH. Pe3ynmbTaThl pacyeToB NMpUBENEHBI B
tabmune | w Tabiume 2 B JBYX HWXKHHMX CTPOYKAax. OTH METOJIBI
o0ecTeYrIi BHICOKYIO TOUHOCTh TOJIBKO Ha CPABHHUTEIBHO MAJIbIX HHTEP-
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Baax BpemeHu (< 50 mepuomoB KoieOaHWW TMPH PEHIEHWH C IIaroM
h=0,005 u < 100 nepuoxos konebanuii mpu mare h=0,001). Cnenyer
OTMEHUTh, 4yTo mpu miare h=0,005 pemenune no merony Radau5 ne
CXOAMJIOCH HM3-32 HAPYIICHUsS BBIYUCIUTEILHOW TOYHOCTH. Ha Oombrmmx
MHTEpBaJlaX BPEMEHU PELIeHUs pacXOAsATcs axe Ha mare h=0,001.

3akaouyenue. B pabore paccMOTpEeHBI CHCTEMHO-IMHAMUYECKOE U
areHTHOE ONMCAaHUE MOJEIM KOHKYPEHLHH, OCYIIECTBJIEHA IOIbITKA
[epeHoca MPOTHO30B MOBEJACHUS HEMPEPBIBHONW MOJEIN Ha JHUCKPETHYIO
Mozeinb. [IpoBen€HHbBIE UMUTAIMOHHBIE YKCIIEPUMEHTHI KAK MMOKAa3bIBAIOT
BO3MOKHOCTb IPUMEHEHHUsI IIPOTHO30B, MOJIYYEHHBIX B OJJHON MOJENH, K
JOpyroi, Tak W JAEMOHCTPUPYIOT HAMYHE OTPaHUYEHUN MpPH MOJO0OHBIX
nepexojiax.

IIpenyioxkeH HOBBIM IMOAXOJ AJI YUCICHHOIO PELICHUs HadalbHOU
3aJa4yd, ONMCBIBAEMOM  HEIMHEHMHOW  CHUCTEMOM  OOBIKHOBEHHBIX
mudQepeHIMaNbHbIX ypaBHEHUH BTOPOTO TMOpSAKAa C TEPEeMEHHBIMU
kodpdunrentamu. Ha mare uHTErprpoBaHus Kaxaas UCKoMasi (GyHKIUS
MIPEJICTABISIETCSl B BUAE CYMMBI SIBHOTO JIMHEHHOro pelieHus Oiliepa,
YJIOBJIETBOPSIOLIETO HAYaJIbHBIM YCIOBHSIM, U KOHEYHOT'O psifa KOPPEKTH-
PYIOLIMX CTETIEHHBIX (YHKIUH MM 00pa30BaHHBIX W3 HUX MOJIUHOMOB C
HEM3BECTHBIMH Kodpdunmuentamu. Meronom [anmepkmHa moOIy4aroTCs
anreOpandeckne ypaBHEHUS JUIS ONpPEeNICHHs] HEM3BECTHBIX KOA(QHIIN-
€HTOB Ha JAaHHOM Ilare C UCIOJB30BAHUEM B CIy4ac HEIMHEHHOU
CUCTEMBI IPOLEYypbl UTEPALUIL.

B kagecTtBe mpumepa paccMOTPEHO OJHOPOIHOE AU hepeHITnaTBHOE
ypaBHEHHE ¢ KyOMUYECKON HEJIMHEHHOCThIO 10 KOOPAMHATE, KOTOPOE MpH
3aJlaHHBIX HadaJbHBIX YCIOBMSIX MMEET mepuoanyeckoe pemienue. [lomy-
YeHbl YHMCIEHHBIE PEIIeHMs] 3TOM KOHCEpBATMBHOM 3ajaud Ha OOJIBLIMX
uHTepBasax BpeMeHu (1o 80000 mnepuonoB KojeOaHUN CHUCTEMBI) C
HCIOJIb30BAaHUEM PA3INYHBIX HA0OPOB KOPPEKTHPYIOIIMX MOJIWHOMOB OT
BTOPOH JI0 MATOM CTENEHM BKIIIOUUTENIBHO U ABYX Pa3IMYHBIX MOCTOSH-
HBIX I1aroB, npuoau3nuTenbHo paBHbIX 0,0125 u 0,0025 noneit nepuona.

BoinonHeHbl CpaBHEHUS C YUCJIEHHBIMH PELIEHUSIMU, MOJYy4E€HHBIMU
no crapaaptHeiM nporpammam B PTC MathCad, merogamu Anamca u
Pynre-Kyrra yerBepToro mnopsijika Ha T€X € CaMbIX MOCTOSIHHBIX IIarax,
a taxxe merogamu Radau5 u BDF.

[Toxazano, yto metogoM ["anmepkuHa 3amauya pemnraercsd Ha OOJIBIINX
uatepBanax (Bkmouas 80000 mepuwomoB ¢ mmarom 0.0025 mepuona)
nmpakTuuecku TouHo. Meroapl Anamca u Pynre-Kyrra B manHoM ciydae
Ha uHTepBasiax 6osee 8000 mepro 0B AalOT HEMPABUIbHBIE PE3YIbTAThHI B
OCHOBHOM 3a CYET MEJUICHHOTO YyMEHBIIEHHUS Mepuojaa KojaeObaHuh u
caBHra 1o (ase nmpu COXpaHEHUHU JIOCTATOYHO BBHICOKOW TOYHOCTH aMILIH-
Tya. Meroasr Radau5 u BDF o0ecrieunBarOT BHICOKYIO TOYHOCTH TOJIBKO
Ha CPaBHUTENIBHO MaJIbIX WHTEpBaJlax BPEMEHHU, a Ha OOJBIIMX WHTEpBa-
JlaX WX YMCJICHHBIE PEIICHUS PACXOASTCS.
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Application of the one—step Galerkin method
for solving a system of ordinary differential equations
with initial conditions

© S.V. Russikikh, F.N. Shklyarchuk

Moscow Aviation Institute (National Research University), Moscow, 125993, Russia

A nonlinear oscillatory system described by ordinary differential equations with variable
coefficients is considered. It is assumed that in the time interval under consideration, the
solution of the system is sufficiently smooth - without discontinuities, collisions and bifur-
cations. From an inhomogeneous system of equations, terms that depend linearly on
coordinates, velocities and accelerations and terms that depend non-linearly on these
variables are explicitly distinguished. A new approach is proposed for numerical solution
by the step method of the initial problem described by such a system of ordinary differen-
tial equations of the second order. At the integration step, unknown functions are
represented as a sum of functions satisfying the initial conditions: a linear Euler solution
and several given correcting functions in the form of polynomials of the second and
higher degrees with unknown coefficients. The differential equations at the step are satis-
fied approximately in the sense of a weak solution by the Galerkin method on a system of
corrective functions. Algebraic equations with nonlinear terms are obtained, which are
solved by iteration, starting in the first approximation with a linear solution. The result-
ing solution at the end of this step is used as the initial conditions for the next step. As an
example, we consider one homogeneous second-order differential equation without the
first derivative with strong cubic nonlinearity in coordinate (at maximum amplitude, the
nonlinear force is twice the linear force). This equation has an exact periodic solution in
the form of an integral of the energy of a conservative system, which is used to estimate
the accuracy of numerical solutions obtained by Galerkin, Runge-Kutta and Adams
methods of the second order, as well as by Radau5 and BDF methods at various time
intervals (up to 8000 periods of free oscillations of the system) using various constant
integration steps (from 0.0025 fractions of a period). At the same time, in the Galerkin
method, four identical correction functions were used at each step in the form of polyno-
mials from the second to the fifth degree. It is shown that for large time intervals of
calculations, the Galerkin method has a higher accuracy compared to other numerical
methods considered. Therefore, it can be used for the numerical solution of nonlinear
problems in which it is required to solve them over long time intervals, for example,
when calculating steady-state limit cycles of nonlinear oscillations and chaotic nonlinear
oscillations with strange attractors.

Keywords: ordinary differential equations, nonlinear systems, initial problem, numerical
solutions, one-step Galerkin method

REFERENCES

[1] Demidovich B.P., Maron I.A., Shuvalova E.Z. Chislennye metody analiza
[Numerical methods of analysis]. Moscow, Nauka Publ., 1967, 368 p.

[2] Bakhvalov 1.V., Zhidkov N.P., Kobelkov G.M. Chislennye metody [Numerical
methods]. Moscow, Laboratory of Basic Knowledge Publ., 2000, 630 p.

[3] Collatz L. Chislennye metody resheniya differencial'nyh uravnenij [Numerical
methods for solving differential equations]. Moscow, Foreign Literature Publ.,
1953, 460 p.

30



Ilpumenenue 0onowaz06020 memooa I anepkuna 0 peuwenus cucmembt. ..

[4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

Hairer E., Nersett S., Wanner G. Reshenie obyknovennyh differencial'nyh
uravnenij. Nezhestkie zadachi [Solve ordinary differential equations. Nonrigid
problems]. Moscow, Mir Publ., 1990, 512 p.

Hairer E., Wanner G. Reshenie obyknovennyh differencial’nyh uravnenij.
Zhestkie i differencial'no—algebraicheskie zadachi [Solve ordinary differential
equations. Rigid and differential-algebraic problems]. Moscow, Mir Publ.,
1999, 685 p.

Skvortsov L.M. Explicit multistep method for the numerical solution of stiff
differential equations. Computational Mathematics and Mathematical Physics,
2007, vol. 47, no. 6, pp. 915-923.

Latypov A.F., Nikulichev Yu.V. Numerical methods based on multipoint
Hermite interpolating polynomials for solving the cauchy problem for stiff
systems of ordinary differential equations. Computational Mathematics and
Mathematical Physics, 2007, vol. 47, no. 2, pp. 227-237.

Bulatov M.V., Tygliyan A.V., Filippov S.S. A class of one-step one-stage
methods for stiff systems of ordinary differential equations. Computational
Mathematics and Mathematical Physics, 2011, vol. 51, no. 7, pp. 1167-1180.
Skvortsov L.M. A fifth order implicit method for the numerical solution of
differential-algebraic equations. Computational Mathematics and Mathematical
Physics, 2015, vol. 55, no. 6, pp. 962-968.

Belov A.A., Kalitkin N.N. Curvature-based grid step selection for stiff Cauchy
problems. Mathematical Models and Computer Simulations, 2017, vol. 9, no. 3,
pp. 305-317.

Volkov-Bogorodskii D.B., Danilin A.N., Kuznetsov E.B., Shalashilin V.I.
Implicit methods for integration of initial value problems for parameterized
systems of second-order ordinary differential equations. Computational Mathe-
matics and Mathematical Physics, 2003, vol. 43, no. 11, pp. 1620-1631.
Bulatov M.V., Gorbunov V.K., Martynenko Yu.V., Kong N.D. Variational
approaches to numerical solution of differential algebraic equations. Computa-
tional Technologies, 2010, vol. 15, no. 5, pp. 3-13.

Chistyakov V.F., Chistyakova E.V. Application of the least squares method to
solving linear differential-algebraic equations. Numerical Analysis and Applica-
tions, 2013, vol. 6, no. 1, pp. 77-90.

Zaletkin S.F. Numerical integration of ordinary differential equations using
orthogonal expansions. Matematicheskoe modelirovanie [Mathematical
modeling], 2010, vol. 22, no. 1, pp. 69-85.

Arushanyan O.B., Zaletkin S.F. On some analytic method for approximate
solution of systems of second order ordinary differential equations. Moscow
University Mathematics Bulletin, 2019, vol. 74, no. 3, pp. 127-130.

Aulchenko S.M., Latypov A.F., Nikulichev Yu.V. Metod chislennogo integriro-
vaniya sistem obyknovennyh differencial’'nyh uravnenij s ispol'zovaniem inter-
polyacionnyh polinomov Ermita [Method of numerical integration of systems of
ordinary differential equations using Hermite interpolation polynomials]. Zhur-
nal vychislitel'noj matematiki i matematicheskoj fiziki [Journal of Computational
Mathematics and Mathematical Physics], 1998, vol. 38, no.10, pp.1665-1670.
Latypov A.F., Popik O.V. Computational method for solving of the cauchy
problem for stiff systems of ordinary differential equations based on multilink
interpolated hermite polynomials. Computational Technologies, 2011, vol. 16,
no. 2, pp. 78-85.

Ershov N.F., Shakhverdi G.G. Metod konechnyh elementov v zadachah
gidrodinamiki i gidrouprugosti [Finite element method in problems of hydrody-
namics and hydroelasticity]. Leningrad, Shipbuilding Publ.. 1984, 240 p.

31



C.B. Pycckux, @.H. Llkaapuyk

[19]

[20]

[21]

[22]

[23]

[24]
[25]
[26]

[27]

loriatti M., Dumbser M. Semi-implicit staggered discontinuous Galerkin
schemes for axially symmetric viscous compressible flows in elastic tube.
Computers and Fluids, 2018, vol.167, pp. 166-179.

Kulikov G.Y., Khrustaleva E.Y. Automatic step size and order control in one-
step collocation methods with higher derivatives. Computational Mathematics
and Mathematical Physics, 2010, vol. 50, no. 6, pp. 1006-1023.

Weiner R., Kulikov G.Y. Efficient error control in numerical integration of
ordinary differential equations and optimal interpolating variable-stepsize peer
methods. Computational Mathematics and Mathematical Physics, 2014, vol. 54,
no 4, pp. 591-607.

Bazhenov V.G., Chekmarev D.T. Reshenie zadach nestacionarnoj dinamiki
plastin i obolochek variacionno-raznostnym metodom [Solving problems of
unsteady dynamics of plates and shells by the variational-difference method].
Nizhny Novgorod, UNN Publ., 2000, 118 p.

Belytschko T. A survey of numerical methods and computer programs for
dynamic structural analysis. Nuclear Engineering and Design, 1976, vol. 37, |
ss. 1, pp. 23-34.

Houbolt J.C. A recurrence matrix solution for the dynamic response of elastic
aircraft. Journal of Aeronautical Sciences, 1950, vol. 17, pp. 540-550.

Newmark N.M. A method of computation for structural dynamics. ASCE
Journal of the Engineering Mechanics Division, 1959, vol. 85, pp. 67-94.

Bathe K.J., Wilson E.L. Numerical methods in finite element analysis.
New York, Prentice-Hall, 1976, 544 p.

Krieg R.D., Key S.W. Transient shell response by numerical time integration.
International Journal for Numerical Methods in Engineering, 1973, vol. 7,
no. 3, pp. 273-286.

Russkikh S.V., Dr. Sci. (Phys. — Math.), Associate Professor, Associate Professor of the
Department of Design and Strength of Aeronautical Missile and Space Products, Moscow
Aviation Institute (National Research University). e-mail: sergey.russkih@rambler.ru

Shklyarchuk F.N., Dr. Sci. (Eng.), Professor, Professor of the Departmen of Design and
Strength of Aeronautical Missile and Space Products, Moscow Aviation Institute (Na-
tional Research University), Moscow Aviation Institute (National Research University).
e-mail: shklyarchuk@list.ru

32



